In this paper, the initial-boundary-value problems for the one-dimensional linear and non-linear fractional diffusion equations with the RiemannLiouville time-fractional derivative are analyzed. First, a weak and a strong maximum principles for solutions of the linear problems are derived. These principles are employed to show uniqueness of solutions of the initial-boundary-value problems for the non-linear fractional diffusion equations under some standard assumptions posed on the non-linear part of the equations. In the linear case and under some additional conditions, these solutions can be represented in form of the Fourier series with respect to the eigenfunctions of the corresponding Sturm-Liouville eigenvalue problems. 
Introduction
The maximum principles are one of the few known techniques for obtaining information about solutions of differential equations without any explicit knowledge of the solutions themselves. Until recently, the maximum principles were formulated and proved only for the conventional ordinary and partial differential equations (see e.g. the books [17] or [18] that contain a detailed survey of the results related to the maximum principles and their applications for the ordinary and partial differential equations).
Over the last few years, the maximum principle method started to be employed for analysis of the fractional differential equations, too. In [4] and [6] , some arguments related to a kind of a maximum principle have been used for analysis of the fractional diffusion equation without an explicit formulation of this principle. In [8] , a maximum principle for the generalized fractional diffusion equation was formulated and proved for the first time and in [10] the applications of this maximum principle to the problem of uniqueness and existence of solutions to the initial-boundary-value problems for the multi-dimensional time-fractional diffusion equation have been provided. Extended maximum principles for the multi-term time-fractional diffusion equation and for the time-fractional diffusion equation of the distributed order were introduced and applied in [11] and [9] , respectively. In [20] , a maximum principle for the multi-term time-space fractional differential equations with the modified Riesz space-fractional derivative in the Caputo sense was introduced and employed to show uniqueness and continuous dependence of the solutions to the initial-boundary-problems for the one-dimensional time-space fractional differential equations. In [3] , a maximum principle along with the method of lower and upper solutions has been used to establish some existence and uniqueness results for a class of eigenvalue problems of the fractional order α, 1 < α < 2. Finally, we refer to [12] for a survey of the maximum principles for different kinds of the time-fractional diffusion equations and their applications.
In all papers related to the maximum principle for the fractional differential equations mentioned above, the fractional derivatives were taken in the Caputo sense. The main reason for this choice of the fractional derivative is connected with the fact that the Caputo fractional derivative possesses a kind of an extremum principle that says that the Caputo fractional derivative of the order α, 0 < α ≤ 1 at the maximum point of a continuous function on some closed interval is non negative (see [8] or [10] ). In [2] , an even stronger inequality for the Caputo fractional derivative of the order α, 0 < α < 1 at the maximum point has been shown for the space of the continuous differentiable functions. In contrast to the Caputo fractional derivative, the Riemann-Liouville fractional derivative at the maximum point can be negative, too, but as has been shown in [2] , it can be estimated from below by a product that in particular contains the function value at the maximum point as one of the factors. In this paper, we show that this inequality is sufficient for deriving of both a weak and a strong maximum principles for the time-fractional diffusion equation with the Riemann-Liouville fractional derivative. Thus the maximum principle technique can be used for obtaining information about solutions of the fractional differential equations with the Riemann-Liouville fractional derivative, too, and in particular, for deriving some a priory estimates for solutions of the initial-boundary-value problems for these equations that lead to the uniqueness results for these problems.
The rest of this paper is organized as follows. In the 2nd section, a needed estimate for the Riemann-Liouville fractional derivative at the maximum point is presented and proved. This estimate is then employed to derive both a weak and a strong maximum principles for the time-fractional diffusion equation with the Riemann-Liouville fractional derivative of the order α, 0 < α < 1. In the 3rd section, the maximum principles are used to show uniqueness of solutions to the initial-boundary-value problems for the non-linear and linear one-dimensional time-fractional diffusion equations with the Riemann-Liouville fractional derivative. In the linear case, the solution is constructed in form of a Fourier series with respect to the eigenfunctions of the corresponding Sturm-Liouville eigenvalue problem. Finally, an example that demonstrates our method is presented.
Maximum principles for equations with the Riemann-Liouville fractional derivative
In this paper, we deal with a family of the one-dimensional timefractional diffusion equations
where L is a second order differential operator defined by
and the fractional derivative D α 0+ is the Riemann-Liouville derivative given
I α being the Riemann-Liouville fractional integral
In what follows, we always assume that the functions a(x, t), b(x, t), and c(x, t) from the formula (2) are continuous functions on Ω = [0, ] × [0, T ] and a(x, t) > 0, (x, t) ∈ Ω. As to the function f from the equation (1), it is a continuous function with respect to the variables x and t and a smooth function with respect to the variable u. For the theory of the RiemannLiouville fractional integrals and derivatives the reader is referred to e.g. [16] or [19] . For α = 1, the fractional diffusion equation (1) is reduced to a conventional diffusion-reaction equation that is well studied, so that the main focus of this paper will be on the case 0 < α < 1. The equation (1) is in general a non-linear equation. In the case the source term f does not depend on the unknown function u the equation becomes linear.
In this paper, we are mainly focused on some initial-boundary-value problems for the fractional diffusion equation (1) . The initial and boundary conditions are formulated on the sides of the rectangle Ω that will be denoted as follows:
and the equation (1) can be rewritten in the form
The operator P α can be interpreted as a fractional differential operator of the parabolic type. In the rest of this section, we formulate and prove a weak and a strong maximum principles for this operator that are analogous to those for the differential operators of the parabolic type.
The main component of the proofs of our maximum principles is an estimate for the Riemann-Liouville fractional derivative of a function at its maximum point that was established in [2] and is given in the following theorem.
holds true.
P r o o f. For the sake of completeness, a short sketch of the proof of Theorem 2.1 is presented below (see [2] for the details).
It is well known that for 0 < α < 1 and f ∈ C 1 [0, T ] the RiemannLiouville fractional derivative is connected with the Caputo fractional derivative by the relation (see e.g. [7] )
where the Caputo fractional derivative is defined by the formula
Let us now prove the estimate
for the Caputo fractional derivative at the maximum point t 0 ∈ (0, T ].
In the proof, an auxiliary function defined by
is used. This function satisfies the following properties:
We consider now the Caputo derivative of the function h at the point t = t 0 . Integration by parts in the integral at the right-hand side of the formula
is bounded and non-positive and the equality lim t→t 0
holds true. The equation (13) and the two last formulas produce now the estimate (12) . Indeed, we get the following chain of equalities and inequalities
that results in the estimate (12) . The statement of Theorem 2.1 follows now from the formula (10) and the inequality (12):
for the Caputo derivative at the maximum point t 0 of a function f ∈ C 1 [0, T ] easily follows from the inequality (12) . In [8] , the estimate (14) was derived for a class of functions that is larger than C 1 [0, T ], namely, for the class of functions
The inequality (9) for the Riemann-Liouville fractional derivative at the maximum point t 0 is now employed to derive a weak and a strong maximum principles for the fractional differential operator P α of the parabolic type that is defined by the formula (see (7))
We start with a weak maximum principle that is formulated in the following theorem.
holds true, where the sides S 1 , S 2 , S 3 of the rectangle Ω are defined as in (5) and (6) .
P r o o f. To prove the theorem, let us assume that the inequality (15) does not hold true under the conditions that are formulated in Theorem 2.2, i.e. that the function u attains its positive maximum, say M > 0 at a point (x 0 , t 0 ) ∈ Ω.
Because
Then it follows from Theorem 2.1 that
The last two inequalities lead to the inequality
of the theorem. Thus the assumption made at the beginning of the proof is not valid and the theorem is proved. 2 Remark 2.2. In the proof of the weak maximum principle, we have in fact deduced a statement that is stronger than the inequality (15), namely, we proved that a function u that fulfills the conditions of Theorem 2.2 cannot attain its positive maximum at a point (x 0 , t 0 ) ∈ Ω.
The statement of Remark 2.2 is now employed to derive a strong maximum principle for the fractional differential operator P α .
Theorem 2.3. Let a function u(x, t) ∈
If the function u attains its maximum and its minimum at some points that belong to Ω, then the function u is a constant, more precisely u(x, t) = 0, (x, t) ∈ Ω. P r o o f. The proof of Theorem 2.3 is a very simple one. Indeed, according to Remark 2.2, u(x, t) ≤ 0, (x, t) ∈ Ω for a function u that attains its maximum at a point (x 0 , t 0 ) ∈ Ω. Now let us consider the function −u that satisfies the equation P α (u) = 0 and possesses a maximum at the minimum point of u and thus at a point that belongs to Ω. The maximum of −u cannot be positive according to Remark 2.2 and we get the inequality −u(x, t) ≤ 0, (x, t) ∈ Ω. Putting the two last inequalities together, we get the statement of Theorem 2.3. 2
Applications of the maximum principles
In this section, we start with the initial-boundary-value problem
for the linear fractional diffusion equation
The following result is a direct consequence of the weak maximum principle (see Theorem 2.2):
, (x, t) ∈ Ω and c(x, t) ≤ 0, (x, t) ∈ Ω. If u satisfies the initial and boundary conditions (16) and (17), g(x) ≤ 0, 0 ≤ x ≤ , and h(x, t)
Remark 3.1. In the case α = 1 (partial differential equation of parabolic type), the condition c(x, t) ≤ 0 from Theorem 3.1 can be replaced by a weaker condition that says that c(x, t) is a bounded function. The idea of the proof of this result is based on an auxiliary function v(x, t) = e −λt u(x, t) that satisfies the inequality
For a bounded function c(x, t), one can choose a value of λ such that c 1 (x, t) = c(x, t) − λ ≤ 0, (x, t) ∈ Ω and then apply the weak maximum principle to the function v that leads to the statement of Theorem 3.1 for the function u. Even if this idea is not helpful in the case of a fractional derivative of the order α, 0 < α < 1, our conjecture is that Theorem 3.1 is valid for a bounded function c(x, t) in the case 0 < α < 1, too.
We now consider a non-linear fractional diffusion equation in the form
0+ stays for the Riemann-Liouville fractional derivative.
Under some suitable conditions on the non-linear part f , the maximum principle for the operator P α leads to an uniqueness result for the initialboundary-value problem (16)- (17) for the equation (19) . (16)-(17) for the equation (19) 
P r o o f. Again we employ a proof by contradiction and first suppose that u 1 an u 2 are two solutions of (16)- (17) and (19) that belong to the functional space
and the homogeneous initial and boundary conditions, i.e., u(x, t) = 0, (x, t) ∈ S 1 ∪ S 2 ∪ S 3 . Applying the mean value theorem to the smooth function f yields the equation
that can be rewritten in the form
Because f is a non-increasing function with respect to the variable u, we get the inequality ∂f ∂u (u * ) ≤ 0, (x, t) ∈ Ω. Now we are in a position to apply Theorem 3.1 that produces the inequality u(x, t) ≤ 0, (x, t) ∈ Ω. The reasoning we employed for the function u is also valid for the auxiliary function −u = u 2 − u 1 that leads to the inequality −u(x, t) ≤ 0, (x, t) ∈ Ω. Combining the last two inequalities, we arrive at the formula u(x, t) = 0, (x, t) ∈ Ω that means that any two solutions of the initial-boundary-value problem (16)- (17) for the equation (19) coincide and thus the statement of the theorem is proved. 2
Corollary 3.1. Let us consider the initial-boundary-value problem (16)-(17) for the equation (19) with the linear function f with respect to the variable u in the form
Then the equation (19) takes the form
t) is a smooth and nonincreasing function with respect to the variable u, we can apply Theorem

that says that the initial-boundary-value problem (16)-(17) for the linear fractional diffusion equation (20) possesses at most one solution in the functional space
Another direct consequence of the weak maximum principle is the following stability result for the solutions of the initial-boundary-value problems for the linear fractional diffusion equation (20) . (20) that satisfy the same boundary condition (17) and the initial conditions respectively, and c(x, t) ≤ 0, (x, t) ∈ Ω. Then the inequality
holds true, i.e., if u 1 and u 2 start with close initial conditions, they will stay close for all t > 0. P r o o f. To prove the theorem, we first introduce an auxiliary func-
Because the problem under consideration is a linear one, the function v satisfies the homogeneous equation P α (v) = 0, (x, t) ∈ Ω = (0, ) × (0, T ], the homogeneous boundary condition v(x, t) = 0, (x, t) ∈ S 1 ∪ S 3 , and the initial condition v(x, 0) = g 1 (x) − g 2 (x), 0 ≤ x ≤ . Applying the weak maximum principle to the function v yields the inequality
Otherwise, the weak maximum principle applied to the function −v leads to the inequality
It follows from the last two inequalities that
the statement of the theorem is proved.
2
Another important application of the maximum principles we introduced in this section would be for treating the existence of solutions to the initial-boundary-value problem (16)- (17) for the fractional diffusion equation (19) by using the method of the lower and upper solutions (see e.g. [1] and [15] ). These matters will be considered elsewhere.
In this paper, we restrict ourselves to a treatment of existence of solutions to the initial-boundary-value problem (16)- (17) with the homogeneous initial and boundary conditions for a special case of the linear fractional diffusion equation (20) by using the Fourier method of the variables separation. Namely, let us consider the equation
with the homogeneous Dirichlet boundary conditions
along with the homogeneous initial condition
In what follows we always suppose that the conditions Now we show existence of the solution and construct it in form of a Fourier series with respect to the eigenfunctions of the corresponding Sturm-Liouville eigenvalue problem that is formulated as follows:
Due to the condition (24), the operator −L is a positive definite and selfadjoint linear operator and thus the eigenvalue problem (25)-(26) has a counted number of the positive eigenvalues 0 < λ 1 ≤ λ 2 ≤ . . . with the finite multiplicity and any function r ∈ M L can be represented through its Fourier series in the form
where (r, X k ) denotes the standard scalar product in L 2 (0, l) and X k ∈ M L are the eigenfunctions of the operator −L that correspond to the eigenvalues
By M L , the space of the functions r that satisfy the boundary conditions (26) and the inclusions r ∈ C 2 (0, ), L(r) ∈ L 2 (0, ) is denoted. In addition, we suppose that the source function r from the equation (21) belongs to the space M L for any t ∈ (0, T ), too. This means, that for any t ∈ (0, T ) the function r can be represented in form of an uniformly convergent Fourier series with respect to the spatial variable x:
.. being the eigenfunctions corresponding to the eigenvalues λ k of the eigenvalue problem (25) -(26).
As in the case of the PDEs of the parabolic type (α = 1 in (21)), we look for a solution of the initial-boundary-value problem (22)-(23) for the equation (21) in form of a Fourier series
Because of the homogeneous initial condition (23), we get
Substituting now the representation (31) into the equation (21) and using the properties of the eigenfunctions X i , we get an uncoupled system of the initial-value problems for the ordinary fractional differential equations with the Riemann-Liouville fractional derivative:
Because T k (0) = 0 and T k (t) ∈ C 1 [0, T ], the initial-value problem (33) is equivalent to the problem
where I 1−α 0+ is the Riemann-Liouville fractional integral (4) of the order 1 − α, 0 < 1 − α < 1. The unique solution of the problem (34) (see e.g. [5] or [14] ) is given by the formula
where E α,β is the two-parameters Mittag-Leffler function defined by the convergent series
To get the last formula, we used the known Laplace transform formulas (see e.g. [16] ) (L t a )(s) = Γ(a + 1)
Now we apply the formula (43) to write down the inverse Laplace transform for the right-hand side of the formula (41) and thus to obtain a closed form formula for the function T k (t):
In the last formula, the Mittag-Leffler functions are replaced by their series representations (36) and then one can easily see that all terms except the first one in the first series are canceled and we thus get a nice representation
Finally, we arrive at a closed form formula u(x, t) = 
